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APPENDIX TO “CONGRUENCES FOR RATIONAL
POINTS ON VARIETIES OVER FINITE FIELDS” BY
N. FAKHRUDDIN AND C. S. RAJAN
HE´LE`NE ESNAULT
We give a positive answer to questions 4.2 and 4.4 of [5].
1. Hodge type
In this section we consider varieties X defined over a field of char-
acteristic 0, their de Rham cohomology Hm(X) together with their
Hodge filtration F .
Theorem 1.1. Let f : X → Y be a proper surjective morphism be-
tween smooth varieties defined over a field of characteristic 0 with Y
connected. If there is a closed point y ∈ Y such that f is smooth in y
and grF0 H
m(f−1(y)) = 0 for all m ≥ 1, then grF0 H
m(f−1(z)red) = 0 for
all closed points z ∈ Y and all m ≥ 1.
Proof. Since f−1(y) is smooth, grF0 H
m(f−1(y)) = Hm(f−1(y),O) = 0
for all m ≥ 1. Since Rmf∗OX is locally free on the smooth locus of
f , then Rmf∗OX has to be a torsion sheaf on Y . Since X and Y are
smooth and f is surjective, by Kolla´r’s torsion-freeness theorem [6],
one has
Rmf∗OX = 0.(1.1)
Let mz be the maximal ideal of a closed point z. Since Y is smooth,
locally on Y , there are smooth divisors D1, . . . , Da, a = dim(Y ) with
mz = (OY (−D1), . . . ,OY (−Da)).
Thus one has a resolution
(1.2)
0→ OX(−
a∑
1
f ∗(Di))→ . . .→ ⊕i1<...<irOX(−f
∗(Di1 + . . .+Dir))
→ . . .→ OX → Of−1(z) → 0.
Thus the vanishing (1.1) and projection formula imply
Hm(X,Of−1(z)) = 0 ∀ m ≥ 1.(1.3)
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Let now f ′ : X ′ → Y ′ be a compactification of f , that is X ′, Y ′ are
smooth proper, X ⊂ X ′ and Y ⊂ Y ′ are open dense, and f ′ = f |Y .
Let I = f
′
∗
mz be the ideal sheaf of the fiber f
′
−1(z). Then by [4],
Proposition 1.2, the map σ∗
σ∗ : Hn(X ′, I)→ grF0 H
n(X˜, (σ−1f
′
−1(z))red) = gr
F
0 H
n(X ′, (f
′
−1(z))red)
(1.4)
is surjective for all n, where σ : X˜ → X ′ is a birational map, isomorphic
over X ′ \ f
′
−1(z), with X˜ smooth, and σ−1f
′
−1(z) a normal crossing
divisor. From the commutative diagram of exact sequences
Hm(X ′,OX′) −−−→ H
m(X ′,Of ′−1(z)) −−−→ H
m+1(X ′, I)
=
y σ∗
y
yσ∗
grF0 H
m(X ′) −−−→ grF0 H
m(f−1(z)red) −−−→ gr
F
0 H
n(X ′, (f
′
−1(z))red)
(1.5)
we conclude that the vertical map in the middle is surjective, thus by
(1.3) that grF0 H
m(f−1(z)red) = 0. 
Remark 1.2. Because of the resolution (1.2) it is not possible to sep-
arate the m involved in the proof of the Theorem.
Corollary 1.3. Let f : X → Y be a proper morphism between smooth
varieties defined over a field k of characteristic 0 with Y connected. If
there is a closed point y ∈ Y such that f is smooth in y and CH0(f
−1(y)×k
k(f−1(y))) = Q, then grF0 H
m(f−1(z)red) = 0 for all closed points z ∈ Y
and all m ≥ 1.
Proof. By S. Bloch’s theorem, [2], Appendix to Lecture 1, the assump-
tion implies Hm(f−1(y),O) = grF0 H
m(f−1(y)) = 0 for all m ≥ 1. One
applies Theorem 1.1. 
Remark 1.4. According to Bloch’s conjecture, the assumptions in
Theorem 1.1 and in its corollary should be equivalent. As we are
far from knowing Bloch’s conjecture, we have formulated Theorem 1.1
purely in the coherent category.
2. Eigenvalues of Frobenius
In this section, we consider varieties X defined over a finite field
k, their e´tale cohomology Hm(X,Qℓ), with X = X ×k k, and the
eigenvalues of the geometric Frobenius F acting on it.
Theorem 2.1. Let f : X → Y be a proper surjective morphism of
smooth irreducible varieties defined over a finite field k with q ele-
ments. Assume CH0((X ×Y k(X))) = Q. Then for all closed points
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z ∈ Y (k), the eigenvalues of the geometric Frobenius F acting on
Hm(f−1(y)red,Qℓ) are divisible by q as algebraic integers for all m ≥ 1.
Proof. We may assume that Y is affine of dimension a, containing y.
We set Y ′ = Y \ {y}, X ′ = X \ {f−1(y)red}. Then
Hnc (Y
′,Qℓ)→ H
n
c (Y ,Qℓ)(2.1)
is surjective for n ≥ 1 and an isomorphism for n ≥ 2 . Thus via the
exact sequence
(2.2) . . .→ Hnc (X
′,Qℓ)→ H
n
c (X,Qℓ)→
Hn(f−1(y)red,Qℓ)→ H
n+1
c (X
′,Qℓ)→ . . .
one concludes that the image of Hnc (X,Qℓ) in H
n(f−1(y)red,Qℓ) is a
quotient of Hnc (X,Qℓ)/H
n
c (Y ,Qℓ) thus by 3.1, Proof of Theorem 1.1 of
[5], the Frobenius eigenvalues on it are divisible by q. Thus we just have
to consider the image of Hn(f−1(y)red,Qℓ) in H
n+1
c (X
′,Qℓ) for n ≥ 1.
Again by the isomorphism (2.1) for n ≥ 2, by Deligne’s integrality
theorem [3], Corollaire 5.5.3, together with Artin’s vanishing theorem
[1], The´ore`me 3.1, and the Proof of Theorem 1.1 of [5], the only n ≥
1 for which possibly the Frobenius eigenvalues on Hn+1c (X
′,Qℓ), and
consequently on Hn(f−1(y)red,Qℓ) are not divisible by q is n = a − 1.
But f−1(y)red is geometrically irreductible. The Lefschetz trace formula
implies then that the eigenvalues of Frobenius on Ha−1(f−1(y)red,Qℓ)
are divisible by q if and only if f−1(y)red has one k-point modulo q.
This is Theorem 1.1 of [5].

Remark 2.2. One can avoid the Euler characteristic argument via
the Lefschetz trace formula in the proof of Theorem 2.1 by replacing
f : X → Y by f × id : X × A1 → Y × A1 for example, as observed
by N. Fakhruddin. However, one has to say that the version of Bloch’s
decomposition of the diagonal used in 3.1, Proof of Theorem 1.1 of [5] is
equivalent to the assumption of Theorem 1.1 so as to see that one may
replace k(X) by k(X × A1) in the assumption. This gives of course as
well a motivic proof of Corollary 1.3, however not of Theorem 1.1 in
absence of a solution to Bloch’s conjecture.
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